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0. INTRODUCTION 
All rings considered in this paper are unitary. commutative and 
noetherian: the notations are those of N. Bourbaki, A. Grothendieck and H. 
Matsumura; in particular, for a semi-local ring A, 2 means the radical adic 
completion of A. 
Let R be a property of a local noetherian ring and P the following 
property (associated to R) of a noetherian algebra A over a field k IS, 7.3 I: 
“The k-algebra A satisfies P if and on1.v $ for any finite extension k’ of k. 
the local rings of A mj), k’ sati@ the property R”. A ring homomorphism q~: 
A --f R is called a P-homomorphism if it is flat and if, for any prime ideal p 
of A, the k(p)-algebra B 0, k(p) satisfies P: by a P-ring, we mean a ring A 
such that, for any prime ideal p of A, the canonical homomorphism A p ---) a p 
is a P-homomorphism. 
This paper is devoted, for a nice property R, to the following problems 
asked by A. Grothendieck (8, 7.4, 7.5 I: 
Problem (0.1). Let cp: A + B be a local flat homomorphism of local 
rings, and k the residue field of A. If A is a P-ring and if the induced map 
k-+B@,, k is a P-homomorphism, does it follow that q is a P- 
homomorphism‘! 
Problem (0.2). Let A be a complete Zariski ring with respect to the ideal 
3: assume that A is semi-local and that A/3 is a P-ring. Is A also a P-ring? 
In this work, we give a positive answer to the first problem in charac- 
teristic zero (by using Hironaka’s desingularization theorem) and so some 
results in special cases: Problem (0.1) is still open for a general property P in 
characteristic p + 0. There is a comlection between the two problems: with a 
reduceness assumption, a positive answer to (0.1) implies a positive answer 
to (0.2): so Problem (0.2) is solved in characteristic zero and sill open in 
characteristic p # 0. 
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1. CONDITIONS FOR R AND P 
Let us consider for R and P the two following sets of conditions. 
Conditions ( 1.1). 
R,,: any field satisfies R. 
R, : for any local P-homomorphism or regular homomorphism of local 
rings q: A + B, if A satisfies R, so does B. 
R, : for any local flat homomorphism of local rings q~: A --t B, if B satisfies 
R, so does A. 
R z : for any noetherian complete local ring A, the set U,(A) of the prime 
ideals p of A such that A, satisfies R is open in Spec A. 
Let us recall 18, 7.31 that, if R,, R, , R, hold for R, then the following 
conditions P,, P, , P,, P, hold for P. 
P,,: any regular homomorphism is a P-homomorphism. 
P, : if (D: A --t B and li/: B + C are P-homomorphisms, so is w 0 q. 
P, : let ~7: A + B and v: B + C be two ring homomorphisms: if I+Y 0cp is a 
P-homomorphism and if yl is faithfully flat, then v, is a P-homomorphism. 
P,: for any field k, the k-algebra k satisfies P. 
Conditions (1.2). 
R, : the property R is stable under generalization: i.e., if the local ring A 
satisfies R, so does A, for any prime ideal p of A. 
R5 : for any noetherian (resp. noetherian catenary) local ring A and for 
any regular element t of its maximal ideal, if A/tA satisfies R, so does A. 
P,: if the k-algebra A satisfies P, then for any field extension k’ of finite 
type over k, the k/-algebra A ok k’ satisfies P also. 
EXAMPLES. Let R be one of the following properties of a local noetherian 
ring A : 
(i) 
(ii) 
(iii) 
(iv) 
(v) 
(vi) 
(vii) 
(viii) 
6) 
(xl 
(xi 1 
A is regular. 
A is normal. 
A is reduced. 
A is normal and satisfies (R,), for a given integer n > 0. 
A is a complete intersection ring. 
A is a Gorenstein ring. 
A is a Cohen-Macaulay ring. 
A satisfies (S,). for a given integer n > 0. 
Codepth A < n, for a given integer n > 0. 
A is a domain. 
A satisfies (R,), for a given integer n > 0. 
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If R is one of the properties from (i) to (viii), then all conditions (1.1) and 
(I .2) hold for R: see [ 8, 7.3, 7.9 1, Avramov [4) for (v) and Hartshorne ( 10 ] 
for (vi). The conditions (1.2) hold for (ix) and (x) 18, 7.91: the property (xi) 
does not satisfy R, [ 8, 5.12.6 1. The catenary assumption is not needed in R, 
for (i), (ii) (201, (v), (vi), (vii), (x). 
2. THE FIRST PROBLEM IN CHARACTERISTIC 0 
In.the general case, we have the following result: 
THEOREM (2.1). Let cp: A + B be a local flat homomorphism of local 
rings, and k the residue field of A. Assume that: 
(i) The property R satisfies conditions (1.2). 
(ii) For aqlfinite A-algebra C which is a domain, there is a regular 
scheme Y and a proper and birational morphism Y + Spec C. 
(iii) The induced map k -+ B 0, k is a P-homomorphism. 
(iv) (Resp. B is universal& cafenary.) 
Then cp is a P-homomorphism. 
By noetherian induction we may assume that A is a domain with quotient 
field K and that, for any non-zero prime p of A, the k(p)-algebra B ($3, k(p) 
satisfies P. We have to prove that, for any finite extension K’ of K, the local 
rings of B @,d K’ satisfy R. Let A’ be a finite A-algebra with quotient field 
K’: A’ is a semi-local ring and, with B’ = B @)A A’, we have B [$I,, K’ = 
B’ @,,, K’. Since any local ring of B @,q K’ is a local ring of B’,@,,;,K’, for 
suitable maximal ideals m and n of A’ and B’, respectively, and since AL 
satisfies the same hypothesis as A, we may assume K’ = K and A’ = A; and 
we have to show that the local rings of B @A K satisfy R. 
By (ii). there is a regular scheme Y and a proper and birational morphism 
f: Y--t X = Spec A. In other words, there exists a finite set of A-algebra Ai 
(1 < i < n) such that: 
(1) The scheme Y is the union of the affme schemes Spec A i. 
(2) For any i, the A-algebra Ai is of finite type and has K as quotient 
field: then, there is a non-zero element a E A such that the rings A, and (Ai)o 
are canonically isomorphic for any i. 
(3) The morphism is universally closed: that is, for any scheme 
morphism X’ +X, the induced morphism X’ ‘x Y + X’ is closed. 
Let us put X’ = Spec B, and Y’ =X’ .x Y; then Y’ is the union of the 
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aftine schemes Spec Bi, where Bi = B o4 Ai for any i. We have the following 
commutative diagram: 
If n denotes the maximal ideal of B, it is enough to prove that f’ I’ c 
U,(Y), where U,(Y’) is the set of the points y E Y’ such that the local ring 
of Y’ at y satisfies R. Indeed, V= Y’ - U,(Y’) is stable under specialization 
by R, ; so isf’( V), since f’ is closed. Then W = X’ -J”(V) is a subset of X’, 
stable under generalization, containing n and such that f’-~ ‘( W) CI U,(Y’). 
Since B is local, we have necessarily W= X’; hence Y’ = U,( Y’). In other 
words, for any i, the local rings of B, satisfy R. But A, and (A;)(, are 
canonically isomorphic: so are B, and @Ii),. Therefore the local rings of B,, 
satisfy R; so do the local rings of B 8, K since B @ 1 K is a ring of fractions 
of B,. 
Let q a point of Y’ such thatf’(q) = n: there is i, (1 < i,, < n) such that q 
belongs to Spec Bi(,. Let us put A i. = A ‘, Bin = B’ and p = g(q); then p lies 
over the maximal ideal of A, and we have: 
B’ @A r k(p) = (B 0, A’) @.{I k(p) = (B 0.4 k) On k(p). 
Then the local rings of B’ @,,, k(p) satisfy R by (iii) and P, since k(p) is of 
finite type over k: in particular, the local ring Bi($,, gk(p) satisfies H. But A b 
is regular (resp. and Bi is catenary by (iv). since B’ is of finite type over B). 
Then, by 18, 7.5, 1.1 1, Bi satisfies R; the proof of the theorem is complete. 
By Hironaka’s desingularization theorem Ill 1, we have the following: 
THEOREM (2.2). Let q: A + B be a localflat homomorphism of local rings, 
and k the residue field of A. Assume that: 
(i) The property R satisfies conditions (1.1) and (1.2). 
(ii) The ring A is a P-ring. 
(iii) The field k is of characteristic zero. 
(v) The induced map k-1 B a,, k is a P-homomorphism. 
(v) (Resp. the ring B is universally’ catenarv.) 
Then cp is a P~homomorphism. 
Let m be the maximal ideal of A, A* and B* the m-adic completions of A 
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and 3, and q* the induced map A* -+ B*. We have the following 
~ammutative diagram: 
By (ii), o is a ~-homomorphism. Then, it is enough to show that V* is a 
~-homomorphism: indeed r~ = q*cr is then a ~-homomorphism by P,, and 
so is rp by P, since r is faithfully flat. Moreover, the induced map 
k -+ B* @,4% k is a ~-homomorphism, since B* @.,, k r B 0, k; and B * is 
u~iversaIly catenary, if B is j201. Therefore, Theorem (2.1) gives us the 
result. 
Properties of P-ring and ~-homomorphism being local properties, 
Theorem (2.2) globalizes in the following way. 
THEOREM (2.3). Let “;I: A -+ B ne a fiat ring ~lomomorphjs~~ arzd, for 
each maximal ideal rt of B, k(m) the residue field of A at nr ;: q8- ‘(n). 
Assume that: 
(i) The property R satisfies co~lditio~~s (1.1) and (1.2). 
(ii) The ring A is a P-ring. 
(iii) For each II. the field k(m) is of characteristic zero. 
(iv) For each II, the ind~~ced map k(m) -+ B.$I,, m k(m) is a P- 
ho~~omorph~s~~~. 
(v) (Resp. the ring B is unicersally catenary.) 
Then u, is a P-ho~~o~zor~h~.~r~. 
3. SPECIAL RESULTS FOR THE FIRST PROBLEM 
A positive answer to Problem (0,l) has been given by Andre 13 1, when R 
is the regular property, and ~ishimura 11’71, when R is the normal (resp. 
reduced) property. Let us recall these results. 
THEOREM (3.1) 13, 1’71. Let (D: A -+ B be a local jlat homomorphism of 
focal rings a8d k the residue field of A. Assume that: 
(i) The ~rma~ fibres of A are geometrica~f}~ regular (resp. format. 
resp. reduced). 
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(ii) The induced map k --t B aA k is regular (resp. normal, resp. 
reduced). 
Then q is regular (resp. normal, resp. reduced). 
When R is the Gorenstein property, we have also a positive answer by 
making use of the theory of dualizing complex. 
THEOREM (3.2). Let ~7: A -+ B be a local flat homomorphism of local 
rings and k the residue field of A. Assume that: 
(i) The formalfibres of A are Gorenstein. 
(ii) The induced map k + B @A k is a Gorenstein homomorphism. 
Then cp is a Gorenstein homomorphism. 
We may assume, as in the proof of Theorem (2.2), that A is a local 
complete ring. Then A admits a dualizing complex since it is a homomorphic 
image of a regular local ring. So, by Theorem (3.3)(iii) 3 (ii) (9 1, ii: follows 
that 9 is a Gorenstein homomorphism. 
When R is the Cohen-Macaulay property, a conjecture of Hochster gives 
a positive answer to the problem (0.1). 
Conjecture (E) [ 13 I. Let A be a complete local ring. Then there is a 
finitely generated A-module M such that depth M = dim A. 
THEOREM (3.3). Let p: A -+ B be a local flat homomorphism of local 
rings, and k the residue Jield of A. Assume that: 
(i ) The formal fibres of A are Cohen-Macaulayl. 
(ii) The induced map k-+ B @,l k is a Cohen-Macaulay homo- 
morphism. 
Then, if conjecture (E) holds, cp is a Cohen-Macaulay homomorphism. 
As before, we may assume that A is a complete local ring; and we have to 
show that B a,,, k(p) is Cohen-Macaulay, for any prime p of A. Since 
B @a k(p) = B/PB Ct&,k(P)r we may assume furthermore that >4 is a 
domain, By (E), there is a finitely generated A-module M such that depth 
M = dim A; since A is a domain, we have Supp M = Spec A. Then the 
following lemma gives us the result. 
LEMMA (3.4). Let ~7: A + B be a local flat homomorphism of local rings, 
and k the residue$eld ofA. Assume that there is a fmitely generated Cohen- 
Macaulay A-module M such that Supp M= Spec A. Then the following 
statements are equivalent: 
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(i) cp is a Cohen-Macaufay homomorphism. 
(ii) The induced map k + B o1 k is a Cohen-Macaulay homo- 
morphism. 
(iii) The B-module B 6~~~ M is Cohen-Macauiay. 
(i) =1> (ii) is trivial; (ii) 3 (iii) follows from the equality 18, 6.3.21 
codepth,(B @A M) = codepth, M + codepth(B 0, k) = 0. 
For (iii) 3 (i), we have to show that B, $J,,, k(p) is Cohen-Macaulay, for 
any prime p of A and any prime q of B over p. Since p belongs to Supp M. 
M, is a non-zero Cohen-Macaulay A,-module by (8, 0.16.5.9 1; and, by (iii) 
the B,-module (M On B), = M, g’nP B, is also Cohen-Macaulay. Then 
Codepth (B4 OAP k(p)) = codepthBg (M @,.g B),- codepth,jPM,= 0. 
Remark (3.5). Hochster has showed I12 1 that any local noetherian ring 
containing a field admits a big Cohen-Macaulay module. We don’t know 
that this property implies Theorem (3.3). 
4. THE COMPLETE INTERSECTION CASE 
In this case, the Andre-Quillien homology gives us a (partially) positive 
answer to the first problem. We refer to (21 for the definition of the 
homological modules N,(A, B, M) for a commutative A-algebra B and a B- 
module M. We begin with a few lemmas, the first two being a homological 
characterization of complete intersection homomorphisms. 
LEMMA (4.1). Let k be afield, C a noetherian local k-algebra and K its 
residue field. Then the following statements are equicalent: 
(i) C is a complete intersection ring. 
(ii) The K-module H,(k, C, M) is zero for any K-module M and any 
integer n > 2. 
(iii) The K-module H,(k, C, K) is zero. 
From the ring homomorphisms k--t C --$ K, we have the long exact 
sequence of K-modules 12, (5.1) ) 
-‘H,,,(k,K,K)-tH,,,(C,K,K)-1H,(k,C,K)-tH,(k,K,K)-1 
whence we deduce, for n > 2, the isomorphisms 
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since H,(k, K, K) is zero for n > 2. In the other hand, for n > 0, we have a 
natural isomorphism [2, (3.2O)j: 
H,(k C, W Y H,,(k, C, K) O,y M. 
The lemma follows then easily from 12. (10.20)]. 
LEMMA (4.2). Let ~1: A --f B be a flat ring homomorphism. Then, the 
following conditions are equivalent: 
(i) v, is a complete intersection homomorphism. 
(ii) The B-module H,(A, B, M) is zero for any B-module M and any 
integer n > 2. 
(iii) The B-module H,(A, B, B/q) is zero for any prime q of 11. 
(iv) The B-module H,(A, B, k(q)) is zero for any prime q oj- B, k(q) 
being the residue field of B at q. 
By 12. (3.20), (4.54), (5.27)). we have for II > 0 the following module 
isomorphisms: 
(1) H,(A,B,k(q))1;H,(A,B,B/q)O,!,k(q), 
(2) HAA, R k(q)) -S H,(k(p), (B 9,4 k(p)),, k(r)). 
where p is a prime of A, q a prime of B over p, and r the unique prime of 
B 0, k(p) over q. Then, from (2) and Lemma (4.1) follows the equivalence 
(i) - (iv); the implication (ii) 3 (iii) is trivial; (iii) * (iv) follows from (1). 
For (iv) * (ii), by Proposition 29 12, p. 3311, it is enough to prove that the 
module H,(A, B, k(q)) is zero for any n > 2 and any prime q of B: Lemma 
(4.1) and isomorphism (2) give us the result, 
LEMMA (4.3). Let cp: A + B and v/: A --t A’ be two ring homomorphisms 
such that (o is flat and v, or w is offinite type. Then, ~fu, is a complete inter- 
section homomorphism, so is 6”‘: A’ --) B @( A’; the converse is true tf 
moreover the morphism Spec(B 0, A’) + Spec B is surjective. 
We have a natural isomorphism of modules: H2(A’, B @I.! A’, k(q’)) 1 
ff,(A, B, k(q)) Ok(q) k(q’), where q is a prime of B and q’ a pime of B @,,! A’ 
over q. The result following from Lemma (4.2), since o’ is flat. 
LEMMA (4.4). Let us consider the commutative diagram of noetherian 
rings : 
C-D 
1 1 
A-B 
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Assume that C and D are regular local rings and that the ring 
homomorphisms f and g are of Jinite type. Then, for any integer n > 2 and 
for any finitely generated B-module M, the B-module H,,(A, B, M) is also 
finitely generated. 
From the ring homomorphisms C--t A --t B and C + D + B, we have the 
two long exact sequences of B-modules (5.1) 12, (5. l)]: 
... +H,(C,D,M)-H,(C,B,M)+H,(D,B,M)-..-; 
It is enough to prove that the B-modules H,(C, B, M) and H,- I(C, A, M) 
are finitely generated: it will follow from the second sequence that the B- 
module H,(A, B, M) is also finitely generated since B is noetherian. But, for 
n > 2, H,(C, D. M) is zero because C and D are regular 12, Proposition 32. 
p. 3321; then the first sequence shows us that H,(C, B, M) is a B-submodule 
of H,(D, B, M). The proof is complete, since the B-modules H,(D, B, M) and 
H,-,(C. A, M) are finitely generated, f and g being of finite type 12. (4.55)). 
LEMMA (4.5). Let A and B be two complete local rings, k and K their 
residue fields, and q: A --t B a local homomorphism such that the q-extension 
K of k is separable. Then. for any integer n > 2 and for an)’ Jnitel]) 
generated B-module M, the B-module H,(A, B, M) is finitely generated. 
Let p : A --) k, p’ : B + K and cp’ : k + K be the canonical homomorphisms. 
From (8, 0.19.8.61 
there exists a Cohen ring W having k as residue field, and a local 
homomorphism CJ : W + A such that q = pa is the canonical homomorphism 
W + k. From 18, 0.19.8.21, since K is separable over k, there is a notherian 
local ring W’ and a local homomorphism w : W + W’ making W’ a Cohen 
W-algebra such that W’ aw k is k-isomorphic to K; in fact , W’ is a Cohen 
ring having K as residue field, and we have q’w = (p’q = p’qo, where q’ is 
the canonical homomorphism W’ --f K. Finally, for the W-homomorphism q’, 
we have the factorization q’ = p’?, where r is a W-homomorphism: in other 
words we have tv = cpa. 
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Let Cxi>l <i,<m be a set of generators of the maximal ideal of B such that 
the subset (xi), siGn generates the maximal ideal of A ; C and D the regular 
local rings C= MJ’[[T~]],,~,,, and D= W,([Ti]],,iG,. The homomorphism 
w extends to a ring homomorphism v’ : C+ D by putting y/‘(T,) = Ti 
(1 < i < n); u and r extend also to surjective homomorphisms u’ : C --t A and 
r’ : D + B by putting a’(r,) = xi (1 < i < n) and r’(ri) = xi (1 < i < m) [ 8, 
0.19.8.81; and we have q~,o’ = t’v’. Then, Lemma (4.4) gives us the result. 
We are now in position to prove the following 
THEOREM (4.6). Let 9: A + B be a local flat homomorphism of local 
rings. k and K the residue fields of A and B. Assume that: 
(i) The formal fibres of A are locall~~ complete intersection. 
(ii) The induced map k + B @A k is a complete intersection 
homomorphism. 
(iii) K is of finite inseparable multiplicitJ3 over k; that is, there is a 
finite purelv inseparable extension k’ of k such that the residue field of the 
local ring K Ok k’ is separable over k’. 
Then q is a complete intersection homomorphism. 
We proceed in three steps. 
Step 1: Reduction to the case “K is separable over k.” By 18, 0.6.8. I], 
there is a local ring A’ having k’ as residue field and a local flat 
homomorphism A + A’ making A’ a finite A-algebra and A ’ o1 k 
isomorphic to k’. We put B’=B@,A’ and we denote by q’ the 
homomorphism A’ + B’ induced by cp. Since B’ is faithfully flat over B, it is 
enough by Lemma (4.3) to prove that q is a complete intersection 
homomorphism. The assumptions of the theorem are satisfied by q’. and 
moreover the residue field of B’ is separable over the residue field of A ‘. 
Indeed, the formal fibres of A’ are locally complete intersection by (i) and 
Lemma (4.3); B’ is a local ring since any maximal ideal of B’ contains the 
maximal ideal of A’ and B’ @A/ k’ = (B On k) ‘Bk k’ is local, k’ being purely 
inseparable over k and B Ok k being local; the induced map k’ + B’ @a) k’ 
is a complete intersection homomorphism by (ii) and Lemma (4.3); finally. 
the residue field of B’ is isomorphic to the residue field of K ok k’, thus by 
(iii) it is separable over the residue field of A ‘. 
Step 2: Reduction to the case “A and B are local complete rings.” Let 
A * and B* be the radical-adic completions of A and B and q*: A * --I B * the 
homomorphism induced by p. The assumptions of the theorem are satisfied 
by ~“3 since B* @Ia* k, which is the radical-adic completion of B @I,, k, is a 
complete intersection ring by (ii). Thus, as in the proof of Theorem (2.2), it 
is sufficient to show that ‘p* is a complete intersection homomorphism. 
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Step 3: We may assume that A and B are local complete rings and that 
K is separable over k. By (ii) and Lemma (4.1), we have H,(A, B, K) = 
H,(k, B @,d k, K) = 0; and by Lemma (4.2) we have to show that 
H,(A, B, B/q) is zero for any prime q of B. We proceed by contradiction: 
then, there is a prime q of B such that H,(A, B, B/q) is non-zero and 
H,(A, B, B/r) is zero for any prime r of B containing strictly q. Since 
H,(A, B, K) = 0, q is distinct from the maximal ideal of B: then there is a 
noninversible element b E B - q. The exact sequence of B-modules 
gives us the homological exact sequence of B-modules: 
Hz@, By B/q) -5 H,(A, B, B/q) - H,(A, B, B/q + bB). 
For getting a contradiction, it is enough to show that the B-module 
H,(A, B. B/q + bB) is zero: indeed, by the exact sequence above, the 
homomorphism induced by b is then surjective; therefore, by Nakayama’s 
lemma, the B-module H2(A, B, B/q), which is finitely generated by 
Lemma (4.4), is zero, a contradiction. By Theorem 1 16, Section 1, 
Chapter 4. No. 4 1, the B-module B/q + bB admits a composition series 
t”i)lJsi6n such that, for any i (1 < i < n), there is an exact sequence of Bm 
modules 
O+M, ,+Mi---tB/ri+O 
where ri is a prime of B containing strictly q. Thus, since H,(A, B, B/r!) = 0, 
we have for any i (1 <i < n) a surjection H,(A, B, Mi ,)- H,(A, B,M,); 
hence, H,(A, B. B/q + bB), which is the image of H,(A, B, B/r,), is zero. The 
proof is complete. 
Remark (4.7). (i) We don’t know if Theorem (4.6) is true without 
assumption (iii); (iii) is satisfied if K is an extension of finite type of k 18. 
4.6.6 1. 
(ii) With the assumptions of Theorem (4.6), the formal fibres of B are 
also locally complete intersection: this follows from above and Theorem 2 
141. 
5. THE SECOND PROBLEM 
A positive answer to the second problem has been given by the author 
( 14) when R is the reduced property; by Rotthaus 1191 when R is the regular 
property; and by Nishimura 1171 when R is the normal property. Let us 
recall these results. 
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THEOREM (5.1) [ 14, 17, 191. Let A be a complete Zariski ring with 
respect o the ideal 3. Assume that A is semi-local and that the formalfibres 
of A/3 are geometrically regular (resp. normal, resp. reduced). Then the 
formal fibres of A are also geometrically regular (resp. normal, resp. 
reduced). 
In the following, a reduced P-homomorphism means a flat ring 
homomorphism CJI: A + B such that, for any prime p of A, for any finite 
extension k’ of k(p), the local rings of B @.A k’ are reduced and satisfy 
property R; by a Nagata P-ring, we mean a ring A such that, for any prime p 
of A, the canonical homomorphism A p+ a, is a reduced P-homomorphism. 
Then we have the following theorem. 
THEOREM (5.2). Let A be a complete Zariski ring with respect to the 
ideal 3. Assume that: 
(i) The property R satisfies conditions (1.1) and (1.2). 
(ii) The ring A is semi-local. 
(iii) The ring A/3 is a Nagata P-ring. 
(iv) The residue fields of A at its maximal ideals are of characteristic 
zero. 
Then the ring A is a Nagata P-ring. 
The proof is similar to that of Nishimura [ 17). We proceed by induction 
on dim A/3, the theorem being true if dim A/3 = 0 since A is then a semi- 
local complete ring. Hence we may assume that, for any nonmaximal prime 
ideal p of A containing 3, the g6adic completion A ,* of A p (which satisfies 
the hypotheses of the theorem) is a Nagata P-ring, since dim A$/3Az < 
dim A/3. And we have to show that, for any prime q of A, the ring A/q is a 
Nagata P-ring. Proceeding by induction again, we may assume that A is a 
domain and that A/q is a Nagata P-ring for any non-zero prime q of A. By 
P,, it is enough to prove that, for any prime q of a such that q n A I= 0, the 
ring (A^), is reduced and satisfies R. We know by Theorem (5.1) that (a), is 
reduced: so we are only interested by the property R. 
By R,, there is a semi-prime ideal b of 2 such that U,(A) is the open set 
D(b) of Specs. It is sufficient to prove the relation: b = (b nA)A (1): 
indeed if q is a prime of 2 such that q n A = 0 and q CZ U,(a), then by (1) 
we have b = 0; hence D(b) = 4, and A’ is reduced: this is a contradiction 
since by R, any minimal prime ideal of a belongs to D(b). 
Let us put, for any integer n > 0, 6, = b + 3’a and a,, = 6, n/l. It is 
enough [ 171 to show that, for any non-maximal prime ideal p of A 
containing 3, we have a,B = b,B (2) where B=T-‘A with T=A--p. Let 
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A: and B” be the 3-adic completions of A, and B: we have the folIowing 
commutative diagram: 
Since U,(a) = D(b), U,(B) is the open set of Spec B defined by the semi- 
prime ideal bB. Moreover, 5 is regular since B is excellent IS, 7.4.61 and then 
it is a reduced P-homomorphism by P,. Therefore, U,(B*) is the open set of 
Spec B” defined by the semi-prime ideal bB*. 
The condjtions of Theorem (2.3) hoid for p*; indeed Af is a Nagata P- 
ring by induction; B is universaIly catenary since it is excellent, and so is B” 
120 1; for each maximal ideal n of B*, with m = p* ‘(n), the residue field 
k(m) is of characteristic zero by (iv) and the map k(m)+ 8: ~~~~~~~~rn~ is 
a reduced ~-homomorphism since it is induced by 
A&CIA; = (A/3),--+ B”/3B” = T. ‘(&‘3&. 
which is a reduced P-homomorphism, A/3 being a Nagata P-ring. Therefore, 
by Theorem (2.3). F* is a reduced f-homomorphism: so, if a* is the semi- 
prime ideal of A$ defining the open set UR(At), the open set U,(B*) is 
defined by the semi-prim ideal a*B*. Hence we have bB* = a*B*; and. by 
using the isomorphisms B */i3”B * = B/3”B and A $/3”A t = A J3”A p. we 
conclude easily to b,B = a,B. This completes the proof of the theorem. 
COROLLARY (5.3). Let A he a selni~loca~ Zariski ring with respect to the 
ideal 3 and A* be the Sadie completion of A. Assume that conditions (i) 
aftd (iv) of Theorem (5.2) hold. Then if A is a Nagata P-ring, so is ‘4 *. 
We don7 know if Theorem (5.2) and Corollary (5.3) are true without the 
reduceness assumption. Nevertheless, we have the following 
THEOREM (5.4). Let A be a seamy-local Zariski ring with respect to the 
idea/ 3 and A * be the %adic completion of A. If the for~na~~bres of A are 
geometrically ~ohe~-~acau~a~ (resp. ~orenstei~. resp. cor~~lete infer- 
section), so are rhe ~orr~al fibres of A *. 
Let 2 be the radical-adic completion of A, and pp: A + A $‘, v: A * --) a, y: 
A -+ A be the canonical homomorphisms: we have p = q~ oq~. The result 
follows then from the following condition Pi (stronger than P2) satisfied by 
P when N is the Cohen-Macaulay (resp. Gorenstein, resp. complete inter- 
section) property. 
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Pi : let p: A + B and v: B + C be two ring homomorphisms: if IV 0 q is a 
P-homomorphism and if li/ is faithfully flat, then cp and li/ are P- 
homomorphisms. 
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